
Math 565: Functional Analysis
Lecture 22

Lemma
.

Let quilize be a othnormal family in a Hilbert space H and let M:=panquilit-
Then for each XCH

, projx= x,i ; equivalently ,X-

Proof
. By Bessel's iney, KiSK- > VIP so Kxili-l2(1)

,
hence by HW,

<x
, His Hi converges in

H
,
here it is = some yeM . For X-g1M ,

it is eugh to
itI

check x-y the for each ICI. But by the continuity of 5,3 ,
we have :

(x -

y , Hi = <x
,
ui) - >S,44j ,

(i) = (x
,
4 :> - (x, up(uj , (i) = (x

, xi)- (,
ui) =P.

Characterization of othonormal bases
.

LetH be a Hilbert space
and quibiet be an ON family.

The TFAE :

(1) Span(UiSies : H.

(1) \UiSieI is an ON basis.
-

(2) Parseval's identity : 1 = Zkx,is for each xEH.
itI

13) For each xel
, (x1u : for all ict) = X = 0.

Prout
.
(2) (1) .

X = proj =Sx
,
visvi by the above launn

(7)= (2) · 1xI >E ,
visi , , 43Uj = 1 y the continuity of (

,1),:) (X,S,

= x,i

(2) => (3)
,
Trivial .

(3) = (2)
. Let M : = spanicities. Then Mt = SUiSitt = 103 and since H = M +Mt we have
H = M

.

Theorem
. Every Hilbert space

admits an ON basis
. Any two ON bases have te same

curchinality
Proof

.
For the existence

, apply Zorn's lemma to get a maximal ON family Suilies of



monzero rectors in H
. Then maximality implies that if x Shilies

,
then x =0

,
which

is condition (3) above
,

so buihitt is an ON basis.

Now let \uilies and brjbjet be ON bases .
It soffices t show 151-151 .

We
may assume I and 5 are infinite since for finite bases we already know this

from the exchange property since thew these we just linear (Hamel) bases.

For each vi , Ej := (IEF : SVj , 4 :)03 is abl so I' := VIj has cardinality
215IXIII = 151 . 151 = 151 and Miliey is already an ON bass by (3) since if

x\hiel then x+TViljes ,
Leve X = 0

.

Thus
,
I' = I

,
so IE1 : 151.

Def. For a Hilbert space H
,
define its Hilbert dimension (or othonermal dimension

as the cordinality of some/any ON basis
,
devoted Holim(H).

Thm
. Every Milbert space

I is unitarily isomorphic live . Funitary map) to (Adin (H).

Proof
.

Fix an ON basic Seilies and define xItkxeishies : H+e (1).

By HWG Q1(a)
,
this is a linear bijection ,

which is an isometig by Pursevals identig :

IIxI=x ,
eisl? By the polarizion iceaty ,

this map preserves the inner product
,
he

is unitary

For a nonzero xtH
,
devote n(x) :=X ;

for X= 0
, put uxh : =0.

Gram-Schmidt process .

Given a lin , indep Sequence (Xn)nsN in a Hilbert space H
.
Here

is a ON sequence (Kalash such What URSN
, span(u)usr = spanlunnar

Namely ,
Uo := (xo) and Un := /Xa-[ex

,
Wil (i).

in

Proof
. Supposing (Kilian is defined

,
define we as above and recoll but Z<,4) Hi

in
= proj whe M= spanlilica ,

10 Xa-proje M ,
so Unthuilian -

Furthermore spanquilizu = span//endV Spansuibisu) = span/ixnivspac(uilical
(b) induction) =

Span (ixa) Uspan(Xiticul = spanhxilisa.



Cor
. Every separable Hilbert space

I admits a chal ON basis .
Thes

, every d-dim

separable Hilbert space is unitarily isomorphic to (IN).

In particular
,

LCIRA
,
x)= (NL.

Proof
. Let D = H be othl dense set and let (xnTucNED be a maximal linearly

indep .
subset

,
where NEIU383· Apply Gram-schid do gen an ON family

Geninca with the same span 10 SpanSebnaN ? D is dense
,

so by 111,

Sechuan is an ON basis.

Fourier transform on the circle S

let me denote the Haur measure on S'24
,

the wit circle which is a group under

complex multiplication . Also
,
IR/ES' by x H eix : /-S .

Hence &

is just the pashforward of lebesque measure on 10
,

1) by xHelix.

Since EIS
, m) is reparable (since ISM) is atbly generated) ,

we know abstractly
that LIS

,e = &" (E). However
,
there is a special isomorphism ,

which is called

the Fourier transform .

Prop .
let Unt ((S, ul ,

nEX
,
be the function Unz := z2

,
so Unleip) = ention

Then Trahne is an ON basis for Els, u).

Proof. z4
,
zm> (Emdretien=entium=gi 8

Thus Sunbue is ON
.

Remainshe check let its spac in dense
.

Even just Sui
as a function on g separates points ,

so the algebra of all polynomials [24)
are dense in the uniform worm in (151

, by the StonetWeierstrass H
Thus

,
it is dense inIworm because he is a finite measure

.
It remains he

note hot the algebra generated by the ven is still just spacesualne beas

Un · Um = Rutm.



For fe(S
, M) ,

denote by F := Kf
,unlne ,

where Un() : = z4
.
The verter Fl E)

i called the Forrier transform
. Conversely , given gee(2), put :=I glan

and call it the inverse Fourier transform of g.

lor
.

The
map
-F : ((S

,m) +> &(2) is unitary
.

Remark
. Although LCIR

,
X) is also separable ,

the Fourier transform on ECIR
,

1) yields a function

again in LCIR ,
X) and not in 131) ; in other words

,
Fourier transform has nothing to do with

the Hilbert space structure in general and what happens on LCS'
,
X) is come what a coincidence.

Indeed
,
the functions Un(z) : = z" are exactly the group homomorphisms S'>3 . They form

a group Sun : nEC) under pointwise multiplication ,
which is isomorphic to I

In general ,
for
every locally compact abalian group G

,

its Pontoyagin dual is the group
1

G of all homomorphisms &: 2-> S' under pointwine multiplication. This is again a

locally compact abelian groupwot the pointwise convergence topology . Pontoyagin duality
theorem states that a is canonically isomorphic toG

.
The Fourier transform is a linear

isomorphism H: ((G , M) -> (( ,
M)

,
where Na and My are Hear measures on hand?

As we saw
,
the Pontoyagin dual of S' is (in general, the Pontoyagin deal of a compact

group
is discrete and vice versal

,
while the Pontryagin dual of IR is again IR.


